In this note, we construct a minimal surface of general type with geometric genus pg = 4, self-intersection of the canonical divisor K 2 = 32 and irregularity q = 1 such that its canonical map is an abelian cover of degree 16 of P 1 × P 1 .
Introduction
Let X be a minimal smooth complex surface of general type (see [4] or [2] ) and denote by ϕ |KX | : X / / P pg (X)−1 the canonical map of X, where p g (X) = dim H 0 (X, K X ) is the geometric genus and |K X | is the canonical system of X. A classical result of A. Beauville [3, Proposition 4.1 and its proof] says that if the image of ϕ |KX | is a surface, the degree d of the canonical map of X is less than or equal to 36 and that for large invariants the degree of the canonical map is less than or equal to 9. Later, G. Xiao improved this result by showing that if the geometric genus of X is bigger than 132, the degree of the canonical map is less than or equal to 8 (see [14, Theorem 3] ). Only few surfaces with d greater than 8 have been known so far, such as: S. L. Tan's example [13] with d = 9, U. Persson's example [9] with d = 16 and C. Rito's examples [10] , [12] , [11] with d = 12, 16, 24. There is a recent preprint [6] of C. Gleissner, R. Pignatelli and C. Rito constructing surfaces with d = 24, q = 1 and d = 32, q = 0, where q = dim H 1 (X, K X ) is the irregularity of X.
When the canonical map has degree 16, by the Bogomolov-Miyaoka-Yau inequality, the geometric genus is less than or equal to 5 and the irregularity is at most 2. Indeed, we have
So p g ≤ 5. In addition, since p g ≥ 3, we get q ≤ 2.
In 1977, U. Persson gave an example with d = 16, K 2 = 16, p g = 3 and q = 0 [9] . And in 2017, C. Rito constructed a surface with d = 16, K 2 = 16, p g = 3 and q = 2 [12] . As far as we know, these are all the known examples of surfaces with d = 16. In this note, we construct a minimal surface of general type with d = 16, K 2 = 32, p g = 4 and q = 1. It is worth mentioning that the canonical map of the surface constructed by U. Persson is an abelian cover of P 2 . In [5] , R. Du and 1 Y. Gao showed that if the canonical map is an abelian cover of P 2 of degree d > 8, then d = 9 or 16.
In our (very simple) construction, the canonical map is an abelian cover of P 1 × P 1 . The following theorem is the result of this note: Theorem 1. There exists a minimal surface of general type X satisfying
We construct this surface by taking a Z 4 2 −cover of P 1 × P 1 branched in some fibres of the two rulings of P 1 × P 1 .
Notation and conventions: All surfaces are projective algebraic over the complex numbers. Linear equivalence of divisors is denoted by ≡. The rest of the notation is standard in algebraic geometry.
Z 4 −covers
The construction of abelian covers was studied by R. Pardini in [7] . For details about the building data of abelian covers we refer the reader to Section 1 and Section 2 of R. Pardini's work ( [7] ).
We will denote by χ j1j2j3j4 the character of Z 4 2 defined by
for all j 1 , j 2 , j 3 , j 4 , a 1 , a 2 , a 3 , a 4 ∈ Z 2 . We can define Z For the reader's convenience, we leave here the relations of the reduced building data of Z 4 2 − covers:
By [7, Proposition 2. If Y is a smooth surface and f : X / / Y is a smooth Z 4 2 −cover with building data {L χ , D σ } χ,σ , the surface X satisfies the following:
Construction
Denote by F = {0} × P 1 and G = P 1 × {0} the generators of Pic
, D 0110 ∈ |G| be smooth distinct divisors of 
Since each D σ is smooth and B is a normal crossings divisor, X is smooth. From Proposition 2, we get
This implies that X is also minimal and of general type. Furthermore, from Proposition 2, X has the following invariants:
We show that the canonical map is an abelian cover of degree 16. We have the Z 4 2 −equivariant decomposition
where the group Z / / H * , where Z
